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NONWANDERING STRUCTURES AT
THE PERIOD-DOUBLING LIMIT IN DIMENSIONS 2 AND 3

MARCY M. BARGE AND RUSSELL B. WALKER

ABSTRACT. A Cantor set supporting an adding machine is the simplest non-
wandering structure that can occur at the conclusion of a sequence of period-
doubling bifurcations of plane homeomorphisms. In some families this struc-
ture is persistent. In this manuscript it is shown that no plane homeomorphism
has nonwandering Knaster continua on which the homeomorphism is semicon-
jugate to the adding machine. Using a theorem of M. Brown, a three-space
homeomorphism is constructed which has an invariant set, A, the product of a
Knaster continuum and a Cantor set. A is chainable, supports positive entropy
but contains only power-of-two periodic orbits. And the homeomorphism re-
stricted to A is semiconjugate to the adding machine. Lastly, a zero topological
entropy C* disk diffeomorphism is constructed which has large nonwandering
structures over a generalized adding machine on a Cantor set.

In 1976 R. Bowen and J. Franks (partially) answered a question of S. Smale
by constructing a C! diffeomorphism of the two-sphere that is Kupka-Smale
and has no periodic sources or sinks [B-F, S1]. J. Franks and L-S. Young sub-
sequently constructed a C? model [F-Y], and more recently J. Gambaudo, S.
van Strien, and C. Tresser have applied renormalization theory to demonstrate
the existence of a C*>° example [G-vS-T].

Each of these examples has a periodic hyperbolic saddle of period 2" for
each n > 0, no other periodic orbits, and an invariant Cantor set contained
in the closure of the periodic set. On this Cantor set the diffeomorphism acts
as a minimal “adding machine.” This is the simplest nonwandering structure
on a two-sphere or two-disk that can occur at the conclusion of a sequence of
period-doubling bifurcations. And at least in some families, this structure is
persistent [G-vS-T].

In the next several paragraphs we discuss our motivations for studying the
following question: Can large compact connected sets (continua) be “shuttled”
about over an adding machine by a two- or three-space homeomorphism or dif-
feomorphism? In §1, we construct a positive entropy homeomorphism, F, of
three-space having an invariant set, Ag, which is an imbedded product of the
Cantor set and the Knaster “bucket-handle” continuum. (In the usual Smale
horseshoe [S2], the closure of any of the unstable manifolds of the periodic sad-
dles is such a continuum.) Furthermore, F|A, is semiconjugate to the adding
machine on two symbols, and the set of periodic orbits, per F|Ay, contains
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only power-of-2 periodics. In §2 we show that two-space cannot support such
dynamics; in fact, no plane homeomorphism shuttles Knaster continua over an
adding machine (Theorem 2.2). However, large continua can be shuttled about
over other minimal actions on the Cantor set by a (zero entropy) C* plane
diffeomorphism (§3).

In 1980 A. Katok proved a more general version of the following theorem
[Ka]:

Theorem. If f is a C'*® surface diffeomorphism with positive topological en-
tropy, then there exists an invariant Cantor set on which some power of f is
conjugate to a full two-shift.

So in particular, positive entropy smooth enough plane diffeomorphisms have
periodic orbits of period other than a power of 2. Whether or not C! is suf-
ficient in the above theorem remains open. M. Rees has constructed a positive
entropy homeomorphism of the two-torus that has no periodic orbits [R]. But an
interesting question remains: what can be said about the periodic structure (or
nonwandering structure) of positive entropy homeomorphisms of the two-disk
or two-sphere? For example, is it possible to construct a positive entropy home-
omorphism of the two-disk that has the periodic structure of the Bowen-Franks
model by blowing up the minimal set? After blowing up, the new model will
have the same periodic behavior as the Bowen-Franks model and thus contain
no shift maps. A partial answer is provided by Theorem 2.2; the new invariant
set cannot be the imbedded product of a Cantor set with a Knaster continuum
(or other continua such as the interval which have a similar property). But it is
not known, even in the C° case, whether points of the Bowen-Franks minimal
set can be blown up into Cantor set fibers having diameters bounded above zero.

A smooth version of our three-space homeomorphism would shed light on
the nature of a three-dimensional analogue to Katok’s theorem.

“Generalized adding machines” are minimal actions at the limits of sequences
of cyclic permutations of successively smaller subblocks of the Cantor set. In
§3, we construct a C* plane diffeomorphism which shuttles continua with di-
ameters bounded above zero over a generalized adding machine. The invariant
set of this zero entropy difftfomorphism contains arbitrarily close fibers which
have different topological type. (We do not know whether positive entropy C°
analogues exist.)

Conjecture. No plane homeomorphism can have an invariant set that is the
product of a Cantor set with a nondegenerate continuum such that, restricted
to this invariant set, the homeomorphism is semiconjugate to a generalized
adding machine.

Our three-space construction settles a question interesting from the point
of view of dynamics on continua. A small perturbation of the Bowen-Franks
disk diffeomorphism, f: D — D, has an attracting set, S, with particularly
nice properties. S is the closure of the unstable manifold of a fixed Mobius
saddle, and consists of the union of the unstable manifolds of all periodic points
together with a minimal Cantor set (see Figure 1).

One can show that S is “chainable;” that is, S can be mapped onto an arc
such that the diameters of point pre-images are as small as desired. f|S has
zero entropy. It is known that shift homeomorphisms with positive entropy of
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FIGURE 1. The attracting set in the Bowen-Franks model.

inverse limit spaces of maps of the interval (these are chainable continua) must
contain periodic points of period other than power of 2. M. Barge conjectured
at the 1987 Spring Topology Conference in Birmingham, Alabama, that such
was also the case for arbitrary homeomorphisms of chainable continua.

Our three-space homeomorphism, F , has an attracting continuum, A C R3,
that resembles S except that the minimal Cantor set is replaced by Ag, the
invariant product of a Knaster continuum with a Cantor set. F is an extension
of the shift map on an inverse limit space with base space a Cantor comb. A
is chainable, contains periodic points only of period a power of 2, and F|A
has positive topological entropy. Being chainable, A can be imbedded in the
plane. But by Theorem 2.2, F|A, cannot be extended onto the plane as a
homeomorphism thus neither may FJ|A.

1. CONSTRUCTION OF THE EXAMPLE IN R3
Notation and definitions. Let X be the Cantor set
{(alaaz, "’): an € {O’ 1}, n GN}
equipped with the product topology. Denote by
C= {xe[o, 1]:x=zl3)—:,b,,e{0,2}}

n=1
the standard middle-thirds Cantor set. The map ¢: £ — C given by
b
¢(al’ a2, "‘) =Z3_:9
n=1

where b, =0 if a, =1 and b, =2 if a, = 0 is a homeomorphism. Given

(a1, a2, ...,a,) € {0,1}", let [a),az,...,a,] C X be the cylinder set or
subblock,
[al,az,...,a,,]={(b,,b2,...)e}::b,~=a,~fori=1,2,...,n},
and let Cla,, a3, ..., a,)=¢([a;, ..., a,]). The convex hull of
Clay, az,...,a,] C[O0, 1]

will be denoted by C(ay, a;,...,a,). Note that C(a;, a3, ..., a,) is the
closed interval

[p(ay,...,an,1,1,...),¢(a1,...,an,0,0,...)]

of length 4.
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We will use the following notation for the “gaps” of the Cantor set C:
G(2) =14, 3],
G(al, a,...,ap, 2)
=[éar,...,an,1,0,0,...),é(a1,...,a,,0,1,1,...)],
forn >iand (a,...,a,) €{0, 1}".

Note that

Clay,...,a,)=Clay,...,an, YUG(ay,...,an,2)UC(ay, ..., an, 0).
The adding machine and “lightning bolt”. For each n > | let 4,: {0, 1}" —
{0, 1}" be the cyclic permutation given by An(a;,...,an) = (b, ..., by)
where b =a; +1 (mod 2), and

b = { a;+1 (mod 2)', ifai_y=1and b;_; =0,
" 1a otherwise,

for 2 <i<n. Let A: X — X be given by A(a;,az,...) = (b, b, ...)
where (b, by, ..., by) = Ay(ay, az,...,a,) forall n > 1; A is a minimal
homeomorphism (all orbits dense) called the (binary) adding machine.

We now define amap /: I — I of the unit interval I = [0, 1] which restricts
to an adding machine on C (/ for “lightning bolt,” see [N]). Let /;: [1, 1] —
[0, J] be defined by

:lx+li’ l<x<g,
Lix)=1{ 3 9 35XS3
x—%; I<x<1.
Define /: I — I by
hi(x); i1<x<i,
[(x)=¢ (FNLhB"x)+3"—1]; 5 <x<4, n>0,
1; x=0

See Figure 2.
We summarize several useful properties of / in the following lemma. The
proofs are straightforward and are left to the reader.

Lemma 1.1. the map | satisfies:
(i) (C)=C and l|c =po Ao},

FIGURE 2. Graph of !/
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(ii) for each n > 0, | has a single periodic orbit of period 2" lying in the

union of gaps, | U{G(a,, ..., an,2): (a1,...,an) € {0,1}"}, and | has no
other periodic orbits;

(iii) for each n > 1 and (a,...,a,) € {0, 1}, I[(Cla,...,an) =
C(by, ..., by) where (by,...,b,)=An(ay,...,an;

(iv) l|gy is monotone decreasing, and for each n > 1 and (ay, ..., a,) €
{0, 13", llg(a, .., an,2) Is monotone with

Gy, ..., by, 2)Cl(Glay,...,a,,2),

where (by, ..., by) =An(ay, ..., an);

v) I2(G2)) =1, and 1" (Glay, ..., an,2)) = Clay, ..., a,), for each
n>1 and (ay,...,ay) € {0, 1}".

A collection {C;}”, of nonempty open sets in a continuum X is called an
e-chain provided dlam(C) <efori=1,...,n, C;NCj=2 for |i—j| >2,

and C;NCi #2,for i=1, ... ,n—l.

If there is an ¢-chainin X that covers X , then we say that X is e-chainable;
X is chainable if X is e-chainable for ech & > 0. The reader can check that
if Y is a subcontinuum of X and Y is e-chainable (in the restricted metric),
then there is an e-chain consisting of open sets in X which covers Y .

An inverse limit space on the Cantor comb. We now construct a chainable
inverse limit space, (E, f), where E is the Cantor comb, E = {C x I} U{I x
{0}} c R2. We then show that the shift homeomorphism, f (E, f)-(E, f)
“shuttles” Knaster continua over an adding machine and has positive topological
entropy. Later f will be extended to a homeomorphism of R3.

Let ¢t: I =[0, 11— [0, 1] be the “tent map” defined by

2x; 0<x<i
H(x) = .
2-2x; 7 <x< 1.

The inverse limit space (I, t) is homeomorphic with the indecomposable
Knaster “bucket handle” continuum.

We now define a map g: E — E which folds parts of gaps, (components
of (I — C) x {0}) into neighboring “endhairs” of C x I. The contribution
of g tothe map f: E — E is the mechanism by which (E, f) becomes

chainable. Let g = identityon C x I. Foreach n = 1,2, ... and on each
gap G(ay, ..., an_1, 2) x {0} = [, %] x {0} define
¢ /m m m 6m + 1
(30 %— %) 3 SXS e
m 3m+1 ) 6m + 1 <3m+1
3 3w ) 7.3 =X S e
2m+1 2m+ 1 Im+ 1 Im+2
8(x,0) = (3 _23n +23n’0>; B T
Im+2 3m+2< <6m+5
T T 3n+d ) 3n+l —X—W’
m+1 m+1 ) 6m+5 m+ 1
A R R A 2 =N T

So g “folds” the two end thirds of each gap into the adjacent teeth of the comb.
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Finally, define f: E — E by
f(x,y)=g((x), 1(y)).

Theorem 1.2. The inverse limit space (E, f) is a chainable continuum, the shift
homeomorphism f: (E, f) — (E, f) has a single periodic orbit of periodA 2"
for each n <0, and no other periodic orbits, and the topological entropy of f is
log2.

Before proceeding to the proof of Theorem 1.2, we first establish the following
lemma which we will use to show (E, f) is chainable.

Lemma 1.3. Suppose the continuum X is the union of the pairwise disjoint
subsets A, G, and B. Assume A and B are subcontinua of X, and that
G = y(R) is the continuous image of an injection y: R — X such that A =
Nr>oCl(¥(—=00, =T]) and B = N5 cl(?[T, ). Then if A and B are e-
chainable, so is X . -
Proof. Let {C;}}_, and {C/}", be e-chainsin X covering A and B respec-
tively. Since A4 and B are d1SJ01nt closed subsets, we may assume (U;_; Ci) N
(UL, Ci) = 2. Select T; and T so that y(—oco, —=T1) C Ui, Ci, »(-Th) €
Cn, ¥(T7) € Cj, and y[T>, 00) C Ui2; C/. (This may require renumbering the
elements of the two chains in the opposite order.) Let
=inf{t € (—o0, Th): y[-T, —t) C Cp}

and let

T; =inf{t € (-0, Tr): y(t, T] C C}}.
Let 0 < 0 <min{T;—T|, T,—T,} be small enough so thatif ¢, t, € [T}, T3]
and |t; — | < 20, then d(y(t1), y(t2)) < ¢. Now let By, ..., By be open
intervals in R of radius < J such that B, is centered at —7| but —7| ¢ B;,
By is centered at T, but T, ¢ By_;, BinB; = @ for |i— j| > 2, and
[-T{, T} c UL, B;.

The ée-chain of X can now be specified. For i=1, ..., n—1,let U;=C;-
[-Ty, ); let U, = C,\y[-T{, 00); for i=1,...,k,let Uy = y(B;), let
Upik+1 = C{—y(—o00, T3];andfor i =2, ..., m,let Uyypy; = C/—y(—o00, T7].
Then {U;}"*k*™ is an e-chain covering X. O

Proof of Theorem 1.2. By Lemma 1.1(iii), /*"(C(a
{0, 1}*. Thus {(x,y) € E: x € C(a)} = (C(a) x
f% . Now for each a € {0, 1}", let

Cla) = {((x0, Y0), (X1, ¥1),...) €(E, f): Xk € C(a) for all k > 0}.

)) = (a) for each a €
I N E is invariant under

So C (a) is a subcontinuum of (E, f). Next we identify an infinite collection
of copies of R which resemble the invariant manifolds in the Bowen-Franks
model [BF]. By Lemma 1.1(iv), there exists an interval, J(2) C intG(2) and
intervals, j(a, 2) C intG(a, 2) for each n» > 1 and a € {0, 1}", with these
properties: f|;()x{o} and fl"l J(2)x{0} are injections,

f(J(2) x {0}) = G(2) x {0},
f7HG(2) x {0} N(G(2) x {0}) = J(2) x {0},
f¥(J(a, 2) x {0}) = G(a, 2) x {0},
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and
f7%(G(a, 2) x {0}) N (G(a, 2) x {0}) = J(a, 2) x {0}.
Thus for each a € {0, 1}",
{z€ (20, z1,...)E(E, f): zi € G(2) x {0}, i > 0}
and
{z= (20, z1,...) €E(E, f): zyn € G(a, 2) x {0}, k > 0}
are arcs. So the sets

Gz)=Df"{ze(E,f): z; € G(2) x {0}, all i >0}

i=0
and -
G(a,2)=Jf?{ze(E, f): zkr € G(a, 2) x 0, all k 20},
i=0
for each a € {0, 1}", are images of continuous injective parametrizations,
y:R— @(2) and y,:R— @(a, 2),

respectively. R R

We now show that the immersed lines G(2) and G(a, 2) have additional
properties, so that Lemma 1.3 can be applied. Let @, n;: E — [0, 1] be the
projections onto first and second coordinates, respectively. Notice that

T o f(G(2) x {0}) C (C(1) x {0}) U(G(2) x {0}) U (C(0) x {0}),
m o f(C(1) x {0}) = C(0) x {0},
and
my o f(C(0) x {0}) = C(1) x {0}.
And for each n > 1 and a € {0, 1}", notice that
my o [ (Gla, 2) x {0}) C (C(a, 1) x {0}) U (G(a, 2) x {0}) U(C(a, 0) x {0}),
o f¥(C(a, 1) x {0}) = C(a, 0) x {0},
and
o f¥(Cla, 0) x {0}) = x {0}.

Thus after first composing y and the y, w1th an orientation reversing home-
omorphism if necessary,

N cl(r(-o0, =T]) € C(1),

T>0
N clIT , 00)) € C(0),
T>0
) cl(a(—o00, =T]) € Cla, 1),
>0

and

() ([T, ) € Cla, 0.

>0
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To apply Lemma 1.3, we need to show that these inclusions are equalities.
For b € X, let K, = {((Xo,yo), (x;,yl), ) € (E,f): X; € ¢A_ib,i =
0,1,...}. Then #,: Ky — (I,t) defined by #2((x0, yo), (X1, ¥1),...) =
(0, Y1, .-.) is a shift-commuting homeomorphism. Let a € {0, 1}" and let
zZ € é(a, 1). Suppose first that z = ((xo, yo), (X1, V1), ...) € Kp. Then
bi=a; for i=1,2,...,n and b,,, = 1. Foreach N let 2 = Z(N) =
((x0,¥9)s (x1,¥1),...) € Ky where y;=y; for i=0,1,..., N and y] , —
iy} forall i > N.

Now since 42" restricted to [a1,a,...,a,, 1] C £ is minimal, there
is a sequence {m; — oo} so that A’""z"“(al , Ay ey, 1,0,..0) — b as
i —» oo. For each N let i = i(N) be large enough that (%)’""2”"” < 3o
Andlet " =2"(N) = ((xg, yg), (x{, Y1), ...) € a(a, 1) be the point with x; =
H(A=IV) = p(Am2?*'=ja) for j=0,1,2,.... Thatis, 2’ € Ky where b’ =
A™Y (ay ay, ..., a,,1,0,0,...), and nz( ) = fiy(Z) = (yg,,y;,...).
Since Vi, = (3)*¥y < ()F and (3)™2™'~N < | we see that y, T3
for j = m;2"*!. For this j, xj = ¢(a1,a2,.. ,an,1,0,0,...). Thus
(x5 ¥;) € f(G(a, 2) x {0}).

So there exists a point z"' = z"'(N) = ((xy', ), ...) € G(a, 2) with (x, /)
= (x;,y;) for k =0,...,m2"*" . Since 2"(N) >z as N — oo, z €
cl(G(a, 2)). Thus K, C cl(G(a, 2)) for all b = (b, by, ...) € £ for which
bij=a; for i=1,...,n and b,y =

If z=1(z0,21,...) € CA’(a, 1) and z ¢ Kyp for any Ky, then zj.,n €
C(a, 1)x {0} for all sufficiently large j and z € cl G(a, 2) since f2""'(G(a, 2)x
{0}) contains C(a, 1) x {0}. Therefore C(a, 1) C clG(a,2). Similarly
C( 0) Cch(a 2) and C( )Uf‘(O) CCIG(Z).

Before continuing with the proof of Theorem 1.2 we first prove an additional
lemma. In the discussion to follow we will use the metric on (E, f) given by

d(((x0>y0),(xl,yl)>'~')a((x(’),y(/))’(x;ayi),“'))
e i =X S i -yl

Lemma 1.4. Given ¢ > 0, there exists n = n(e) such that C (a) is e-chainable
forall ae {0, 1}".

Proof. Let f(x,y) = (fi(x,¥), fa(x,»)). Then |fa(x1, y1) = fo(x2, y2)| <
max{2|y,—ya|, 53} forany pair (x;, y1), (x2, y2) € E where x;, x, € C(a)
and a€ {0, 1}*. Thus forany such pair, if |y; —y3| < J, then |(f%)2(x;, y1) -

(f*)2(x2, ¥2)| < max{2%§, 5 3,,+,} Now let ¢ > 0 be given, and let n be large

enough that 32—,, < ¢ and 32—!352,5 <§g. Let m=13- log28|] so that 5307 < §
and 5 < . Now for a € {0, 1}", we will show that C(a) is e-chainable.

Let B;, ..., B, be (relatively) open intervals in [0, 1] of diameter < § with
U{;] bi=1[0,1] and B,nB; =2 for |i — j| > 2. Here 6 > 0 is small enough
that 2”9 < £. For i =1,2,...,k, let Ci = {((x0,»0), (x1,¥1),...)} €
C(a): ym € Bi}. Then C; is open for each / and CinCj=wo for |i—j|>2.
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Moreover, if z = ((xo, y0), (X1, ¥1),...) and z' = ((xg, yp), (X1, ¥}),...)
are elements of C;, then

dz, )<Y —5+ % = "+2m_1
j=0 j=0

2 K max{2m/g, Mol 1
53—n+jz=; 2 2-3 +2m—l
€ € €

Thus diam(C;) < ¢, and {Ci}f.;] is an g-chain covering C (a). O

We now complete the proof of Theorem 1.2. To show that (E, f) is chain-
able let ¢ > 0 and let n be sufficiently large so that C (a) is e-chainable for
all a € {0, 1}" (Lemma 1.4). Then C(b) = C(b, 1)U G(b, 2) U C(b, 0) is
e-chainable for all b € {0, 1}"~! by Lemma 1.3. Continuing in this way, we
find that 5(1) and 5(0) are ¢-chainable. So again by Lemma 1.3, {E, f} =
C(1)uG(2) U C(0) is e-chainable.

Since the adding machine has no periodic orbits, per(f) C I x {0}. These
are the periodic orbits of (x,0) — g(/(x), 0). It follows from Lemma 1.1
and the construction of g, that f and hence f have a single periodic orbit of
period 2" for each n > 0 and no other periodic orbits.

That the topological entropy of f, A(f), is log2 can be deduced as follows
(see, for example [Bo]):

h(f) =h(f)=h(flcxp, 1) = h(A) + h(t) =0 +log2. O

Since (E, f) is chainable, there is an embedding of (E, f) into R2 . As
a consequence of Theorem 2.1, however, under no such embedding can f be
extended to a homeomorphism of the plane.

Theorem 1.5. There is an embedding e: (E, f) — R3 and a homeomorphism
F:R*—>R> sothat Foe(E,f)=e(E, f) and F=eo foe~! on e(E, f).
Proof. We will use the following consequence of a theorem due to M. Brown
[Br]: if F: X — X is a near homeomorphism (that is, can be uniformly ap-
proximated by homeomorphisms) of the compact metric space X, then the
inverse limit space (X, F) is homeomorphic with X. We will show that
the map, f x id: E x {0} — E x {0}, can be extended to a near homeo-
morphism F: S* — S* where S3 is the one-point compactification R3 U {oo}
of R?, and where F~'{co} = {o0}. The map i: (E, f)— (S%, f) given by
1((x0, Y0), (X1, 1), ...) = ((x0 » Yo 0), (x1,y1,0),...) is then an embedding
and the shift homeomorphism, F: (R?, F) — (R3, F) is a homeomorphism of
(a space homeomorphic to) R? that extends io foi~!.

To produce such an F, we will extend the “lightning bold,” /, the tent map,
t, and the “folding map,” g, each to near homeomorphisms, then compose
these extensions. Let L: $3 — $3 be a homeomorphism that extends the em-
bedding (x, y, 0) — (I/(x),y, x) of E x {0} into S* with the property that
Jioo)=0.Let H!: S3— S3, s€[0, 1] be a continuous family of maps such
that each H! is a homeomorphism for s > 0, (H/})~!(c0) = {00} forall s, and
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I'(G(a,2) x {0})

{2,0,0) {=£,0,0)

Ficure 3. T" on the gap, G(a, 2) x {0}

Hl(x,y,z)=(x,y,0) forall 0< x,y, z<1. Then H}oL isanear home-
omorphism of S* with H} o L|gx(oy =/ xid xid, and (H{} o L)~!(00) = {o0}.

Next, let T: S3 — S3 be a homeomorphism with 7T'(co) = oo that extends
the embedding (x, y, 0) — (x, t(y), ) of Ex{0} into S3. Then H}oT isa
near homeomorphism of S with H}oT|gxo = id x¢xid and (HjoT)™!(c0) =
{00} . Finally, to extend the “folding map” g to a near homeomorphism, we
first push the folds up by a homeomorphism I', then squeeze them onto the
“end hairs” by a near homeomorphism. Let I': > — S be a homeomorphism
that extends the embedding (x,y,0) — (x, g(x,y),0) of E x {0} into
S§3 with T'(00) = oo (see Figure 3). Here g(x,y) = (&1(x, ), &(x,y)).
Now let HZ, s € [0, 1], be a continuous family of maps of S* such that:
(H?)~'(00) = 0o for all s; H? is a homeomorphism for s > 0; and, for each
n>1and a€ {0, 1}*"!, H? on G(a, 2)x[0, 1]1x {0} = [, ZL1x {0} x {0}
is given by

m m Im+1
(3—,,,y,0), '3—,,SXS 3n+l ’
2m+1 2m+1 Im+1 3m+2
(x,y,0)— (3(x_ 2.3n)+ 2. 3n ,y,O); 3+l <x< 3n+i
m+1 3m+2 m+1
(3" ’ ’O); e S XS T

Then HZ o T is a near homeomorphism of S3 satisfying (HZ o I')~!(00) =
{oo} and Hgoﬂgx{o} =gxid. Thus F=HZoToH}oToH}oL: $3 - 53
is a near homeomorphism with F~!(co) = {oo} and Flgx(op = f x id, as
desired. O

Remark. A circularly chainable invariant set of a three-space homeomorphism,
F , which supports positive topological entropy where per F is empty, can be
similarly constructed. One starts with a circular Cantor comb with spine map,
the Denjoy circle homeomorphism.

2. NONEXISTENCE OF PLANAR HOMEOMORPHISMS
EXTENDING CERTAIN ACTIONS OVER THE ADDING MACHINE

We will consider continua K that have the following property:
(2.1) there is a unique point p € K such that the arc component of p in K
is a continuous one-to-one image of R* U {0} with p the image of 0.
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Clearly any self-homeomorphism of such a K must fix p and leave invariant
the arc component of p. Examples of such continua are the topologists sine
curve, and of more interest in this paper, the Knaster bucket handle continuum
that appears as the fiber over the Cantor set in Theorem 1.2.

For a continuum K satisfying (2.1), assume that A: £ x K — R? is an
embedding of the Cantor set ¥ crossed with K into the plane, and let A
denote the image of 4. Suppose further that f: A — A is a homeomorphism
that factors over the adding machine homeomorphism on X. The goal of this
section is to prove that no such f can be extended to a homeomorphism of the
plane. As a consequence we will see that, under no embedding of the chainable
continuum of Theorem 1.2 into the plane, does the homeomorphism of that
continuum constructed in §1 extend to a homeomorphism of the plane.

The main result of this section holds for a more general class of continua
(that includes, for example, the interval) than those satisfying (2.1). We will
remark on this following the proof of Theorem 2.2. As before, let £ denote
the Cantor set

T={0, }N={a=(a1,a,a3,...)la;€{0, 1}, i=1,2,...}
and let 4: £ — X be the adding machine homeomorphism.

Theorem 2.2. Suppose that K is a continuum that satisfies property (2.1) and
that h: X x K — R? is an embedding. If A=h(ExK) andif f: A— A isa
homeomorphism such that

miohlofoh=Aom:IxK—X
then there is no homeomorphism F: R?> — R? such that F|y = f.

Before proceeding to the proof of Theorem 2.2 we will introduce some nota-

tion and briefly describe the idea of the proof. Given a = (a,, a2, a3, ..., ap) €
{0, 1}N, [a] =[ay, a3, a3, ..., a,] will denote the “ n-block” [a] = {b € Z|b; =
a; for i=1,...,n} of £. Again h: x K — R? is an embedding with image

A. For a € I, let A(a) denote the fiber A({a} x K) and, for a € {0, I}N
let A[a] = A([a] x K). We will show that the topology of the plane may be
used to define an ordering of the fibers in each “ n-block” A[a] for n suffi-
ciently large. The ordering will be such that if F is an orientation preserv-
ing homeomorphism (otherwise, consider F2) of the plane extending f, then
F must preserve the order, at least on sufficiently close fibers. From this we
will derive the existence of positive integers m and k with the property that
if A[a] is an m-block then A[a] < F*(A[a]) < F%*(A[a]) < ---. But then
{F*(A[a))|i =0, 1, 2, ...} would be a disjoint collection of m-blocks, in con-
tradiction to the fact that there are only 2™ disjoint m-blocks in A.

For a continuum K that satisfies (2.1), let K® denote the arc component of
K with endpoint p. As K® is the continuous one-to-one image of R* U {0},
we may use the order on the nonnegative real numbers to order the points of
KR, If x,y € KR with x <y we will let [x, y] denote the arc in K® with
endpoints x and y. If J is any such arcin K® , a€ X, and be {0, 1}V, we
will denote h({a} x J) by A’(a) and A([b] x J) by A’[b].

Now let ¢ € K®, g # p, be chosen and let I be the arc [p, q] in K&,
According to a theorem of E. Moise [M], there is a homeomorphism of the plane
that takes the Cantor sets #(Xx{p}) and h(Zx{q}) into the lines Rx{—1} and
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Rx{1} respectively. By composing such a homeomorphism with the embedding
h we may assume, as we will from now on, that (X x {p}) C R x {-1} and
h(Zx {q}) cRx {1}.

Suppose now that a, b € X and that y_; and y, are arcs in the plane with the
properties: y_; has endpoints A(a, p) and h(b, p) and is otherwise disjoint
from Al(a) U A/(b); y; has endpoints h(a, g) and h(b, gq) and is otherwise
disjoint from Af(a) UA/(b); and (y_; Uy;)N (R x {0}) = @. Such arcs, y_,
and 7y, , will be called admissible arcs joining A!(a) and Al(b).

Definition of the order. Given a,be X, a # b, we will write A(a) < A(b) in
the case there are admissible arcs y_; and y, joining A’(a) and A/(b), as
above, and the orientation y_; — A/(b) — y; — A!(a) is the positive (counter-
clockwise) orientation on the simple closed curve y_; UA/(b)Uy; UAl(a).

To see that this order is antisymmetric, suppose that »’, and y; is another
pair of admissible arcs joining A’(a) and Af(b). Then the interiors of y_,
and ', lie in the same component of R?\(A’(a)UA’(b)U (R x {0})), which is
simply connected, and the interiors of y; and y| lie in the same component of
R2\(A7(a) U AT(b) U (R x {0})), which is also simply connected. Thus there is
an isotopy of R2, rel. Af(a)UA’(b), that takes ', to y_; and y| to y; and
we see that y_; — Al(b) — y; — Al(a) and y", — Al(b) — y; — Al(a) are
either both positive or both negative orientations of the corresponding simple
closed curves.

Lemma 2.3. Given J =[p, z] C K® and an ¢ > 0, there is an integer Ny so
that if a and b are in the same Ny-block [c] € {0, 1}, then there are arcs 7,
and 7y, in the plane such that. y, has endpoints h(a, p) and h(b, p) and is
otherwise disjoint from A’(a)UA’(b); y, has endpoints h(a, z) and h(b, z)
and is otherwise disjoint from A’(a)UA’(b); diameter (y,) < ¢; and diameter
(r:) <e.

Proof of Lemma 2.3. Let ¢ >0 and J be given and let 6, > 0 be small enough
so that if a€ X and x,y € J with x < y and with diam({a} x [x, y]) <
01, then diam(h({a} x [x, y])) < ¢/3. Let d, > 0 be small enough so that
if aeX and x,y € J with x < y, and d(h(a, x), h(a,y)) < 6, then
diam({a} x [x, y]) < ;. Now let Ny be large enough so that if a, b € [c],
c any element of {0, 1}, and x € J, then the straight line segment joining
h(a, x) and h(b, x) has diameter less than min{d,, &/3}.

For such Ny let ¢ € {0, 1}™ and let a, b € [c]. Let 5 be the straight line
segment joining A(a, z) and A(b, z) so that diameter (n) < min{d,, ¢/3}.
Let y, be a subarc of n with one endpoint on A7(a), and the other end-
point on A’(b), and otherwise disjoint from A’(a) U A’(b). Let h(a, x) and
h(b, y) be the endpoints of y, . Then d(k(a, z), h(a, x)) < d, and d(h(b, z),
h(b,y)) < &, so that diam({a} x [x, z]) < d;, and diam({b} x [y, z]) <
6, . Consequently diam(h({a} x [x, z])) < &¢/3, and diam(h({b} x [y, z])) <
¢/3. There are then arcs y, and y3, approximating A({a} x [x, z]) and
h({b} x [y, z]) respectively, such that: y, has one endpoint k(a, z), the other
endpoint on y,, y; N (A7(a) UA’(b)) = h(a, z), and diam(y;) < &/3; y3 has
one endpoint /(b, z), the other endpoint on y,, y3N(A’(a)UA’ (b)) = A(b, z),
and diam(ys) < &/3. Let y, be the subarc of y;Uy,Uy; with endpoints A(a, z)
and h(b, z). The arc y, is similarly constructed. O
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In particular, if J =1 =[p, q] and ¢ = 1, there is a corresponding integer
Ny so that if a and b are distinct elements of the same Ny-block in X, then
either A(a) < A(b) or A(b) < A(a). We will need the following improvement
of Lemma 2.3.

Lemma 2.4. Let x, y, z be elements of K® with p<x <y <z andlet ¢ >0
be given. Let J = [p, z], then there exist an integer N and 6 > 0 so that if
a # b are in the same N-block of £ and x',y' € [x,y] with d(x',)y') <
then there are arcs y,, v,, and n in R* with these properties:

(i) yp, 7z, and n have diameter less than ¢,

(i1) y, has endpoints h(a, p) and h(b, p) and is otherwise disjoint from
A(a)UA/(b);

(iii) p, has endpoints h(a, z) and h(b, z) and is otherwise disjoint from
Al (a) UA (b);

(iv) n has endpoints h(a, x") and h(b, y') and is otherwise disjoint from
A (a)UA/(b); and

(v) n is contained in the closed topological disk in R* bounded by y,UA’ (b)U
7, UA’(a).
Proof of Lemma 2.4. Fix a € £ and let y: R? —» R? be a homeomorphism
such that y(h(a, p)) = (0, -1), y(h(a, z)) = (0, 1), and y(A’(a)) ) {0} X
[-1,1]. Let & > 0 be such that if u,v € R? with d(u,v) < ¢, then
d(w=Y(u), y~'(v)) <e. Let &' > 0 be small enough so that if x’, x" € K and
d(x', x") < d;then diam(y(h({b}x[x’, x"]))) < &'/4 forall b€ £. Now take
ry > 0 so that if d(y(h(b', x")), w(h(b", y"))) < r then d(x", y") < d'/2.
Let

o= gmin{n. 5. 3d(w(hia, 0). (0. -1)), 3d(w(h(a,»)., 0. 1)}

Thus yw(h({a}x[x, y])) is disjoint from the closed balls D_, and D, centered
t (0,—-1) and (0, 1), respectively, of radius r,. Let .#* denote the r;-

neighborhood D_ U ((~ry, r2) x [=1, 1])UD, of {0} x[~1, 1]. Now take N
large enough so that if b’, b”, and a are all in the same N-block of X then:

i) w A W) c o, A (b’)\(lo)_l U lo)l) has exactly one component that

meets both D_; and D, and all other components of A’(b)\(D_, UD,) are
disjoint from R x [—1 +2ry, 1 — 2r];

(ii) w(h({b'} x [x, ¥])) CRx (=1+3r,, 1-3n);

(iii) There are arcs 7, and y; of diameter less than r,/2, joining w(h(b’, p))
to w(h(d”, p)) and w(h(b, z)) and w(h(b", z)), respectively, that are other-
wise disjoint from (A7 (b)) U w(A7(b")).

Finally, let 6 > 0 be small enough so that J < ¢’/2 and if x', )’ € J with
d(x',y') <, then diam(y(h({b} x [x',y']))) <¢'/4 forall be X.

Suppose now that b’ and b” are in the same N-block of £ as a and that
x',y" €[x,y] with d(x', y') <. Let [ be the horizontal line in R? through
w(h(d', x')). Then by (ii) above, / separates D_; from D; and by (i) and
(iii), / separates y, from p; in the disk D bounded by y’, U w(A (b)) U
7] U w(A/(b')). There is thus an arc 75 that lies on /, has one endpoint on
w (A’ (b)), the other endpoint on (A’ (b")), and otherwise lies in the interior
of D. Let y(h(b', x")) and w(h(b”,y"”)) be the endpoints of 7. Since
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w(A’(V)) and w(A7(b")) are contained in .#", whose horizontal diameter is
2ry, d(y(h(V', x")), w(h(V', x"))) < 2r; < r, and diam(n}) < 2r, < &'/2. It
follows from the choice of r; that d(x’, x”) <’ so that

diam(y (h({b'} x [x', x"]))) < €'/4.

Furthermore, d(y(h(, x)), w(h(d",y"))) < 2r, < ry, so that d(x’, y") <
d'/2. Since d(x',y') <d <d'/2 we have d(y', y") <d' and

diam(y (A({b"} x [y', y"1))) < &'/4.

There is thus an arc 7n’, obtained by perturbing w(h({b’'} x [x', x"]))Uny U
w(h({b"} x [y’, ¥"1)) slightly into the interior of D, except at its endpoints,
of diameter less than ¢, with endpoints w(h(b', x’)) and w(h(b”,y’)), and
otherwise lying in the interior of D. Letting y, = w~'(,), 7. = ¥v~'(¥}),
and n = y~!(n'), we see that the conclusions of the lemma hold throughout
the N-block containing a. A compactness argument removes the dependence
of Nand d on a. O

Lemma 2.5. Suppose that A!(a) < A/(b). Then if a' is sufficiently near a and
b’ is sufficiently near b, Al(a') < AL(V).

Proof of Lemma 2.5. Let U and V be open topological disks in R? with
Al@)c U, Al(b)cV,and UnV =@. If a’ is sufficiently near a and b’ is
sufficiently near b, then Af(a’) c U and A/(b) C V', and there are admissible
arcs a; joining h(a’, q) to h(a,q), a_, joining h(a’, p) to h(a,p), B
joining A(b’, g) to h(b, q), and B_, joining A(b', p) to h(b, p). Moreover,
if a’ and b’ are close enough to a and b, respectively, it follows from Lemma
2.3 that a;,a_;, B;,and B_, can be chosen to licin UU V.

Let y, and y_; be admissible arcs joining h(a, g) to A(b, q) and A(a, p)
to h(b, p), respectively, and let y; and y’, be closures of components of
71\(ey UAT(@")u By UAI()) and y_;\(a_; UAI(a’)UB_ UA!(D')) respectively,
with the property that y| meets each of a; UA/(a’) and By UA!/(b') and y!,
meets each of a_; UA/(a’) and B_,UA/(b’). Now if a’ and b’ are sufficiently
close to a and b, respectively, the subarcs

o of ajUA!(a’) from h(a, q) to y; U (a; UA/(a')),

B} of BLUA!(Y) from h(b, q) to y; N (B UAI(D)),

o | of a_jUA/(a') from h(a, p) to y_, N(a_; UA/(a')), and

B, of B_1UA(Y) from h(b, p) to y_, N(B-1 UA/(D)),
are all disjoint from R x {0}. Thus the arcs o} U y| U ] from h(a, gq) to
h(b,q) and o, Uy, UB", from h(a, p) to h(b, p) are admissible. Let
D; be the closed disk bounded by a_; UAf(a) Ua; UA/(a’) and let D, be
the closed disk bounded by B_; UA/(b)uU B; UA/(Y'). Since o} Uy U B and

a’_ Uy_,Up’, aredisjoint from (D_;UD,;), we may perturb these arcs slightly
into R2\(D;UD,), except at their endpoints, to obtain admissible arcs y{ from
h(a, q) to h(b, g) and y”, from h(a, p) to h(b, p) with the property that
(VYuy” )Nn(D\UD,) = {h(a, p), h(a, q), h(b, p), h(b, q)} . We now have that
a Uy/Up and a_Uy” UpB_; are admissible from h(a’, q) to A(b’, g) and
from h(a’, p) to h(b’, p) respectively. Now suppose that A’(a) < A’(b). Then
y", — Al(b) -y — Al(a) is positively oriented. Let H, be a homotopy of the
plane, rel. y” ,UA/(b)uy/UA!(a) such that Hy is the identity and H, collapses:
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Dy to Al(a); Dy to Al(b); a; to h(a, q); ay to h(a,p); Bi to h(b,q);
and B_; to h(b, p). Then H, takes a_;Uy”,UB_jUA!(b)Uc;Uy{UB UA(a)
to y”,UAI(b)Uy/ UA’(a) and takes the orientation a_,Uy” UB_; — Al(b) —
a; Uy U B — Al(a) to the orientation y”, — A/(b) — y{ — Al(a). Thus
a_yUy" UB_y — Al(b) - a; Uy U B — Al(a) is a positive orientation and
Al@)<Ap). O

Proof of Theorem 2.2. Suppose that F is an orientation preserving homeomor-
phism of the plane that extends f. Let 0 < & < 1, be small enough so that
if y is an arc of diameter less than ¢ that meets A, then diam(F(y)) < 1.
Let x,y, z be element of KR with p < x < ¢ < y < z and such that
f(h(Zx[x, y]) D h(Xx{q}). For these x, y, z and the above ¢, let Ny =N
and 0 be asin Lemma 2.4. Let N, be large enough so that if a and b are in the
same Nj-block of X, f(h(a, x')) = h(A(a), q), and f(h(b, y")) = h(A(b), q),
then d(x’, y’) <. Let N3 = max{N;, N,} and suppose that a and b, a#b,
are in the same Nj-block of X. It follows from Lemma 2.4 that A(a) and A(b)
are comparable, say A(a) < A(b).

Claim. F(A(a)) < F(A(b)).

To see that this is the case, let x', y’ € [x, y] be such that f(h(a, x')) =
h(A(a), g) and f(h(b,y')) = h(A(b), q). Let y, and y, be admissible arcs
joining A’(a) to A’/(b) of diameter less that ¢ and, using Lemma 2.4 again,
let y, and n be arcs of diameter less than ¢ such that y, has endpoints
h(a, z) and h(b, z), and is otherwise disjoint from A’(a)UA’(b), and 7 has
endpoints A(a, x’) and A(b, '), and is otherwise disjoint from A’(a)UA’(b).
According to Lemma 2.4 we can choose these arcs so that n and y, lie in the
disk D bounded by y, UA’(b)Uy, UA’(a).

Since A(a) < A(b), the orientation y, — Af(b) — y, — Al(a) is positive.
Thus the orientation y, — h({b} x [p,y']) — n — h({a} x [p, x']) is also
positive. Now diam(F(n)) < 1 and diam(F(y,)) < | so the arcs F(y,) and
F(n) are admissible arcs joining A’(4(a)) to A’(A(b)). Since F is orientation
preserving, the orientation F(y,) — F(h({b} x [p, y'])) = Al(A(b)) — F(n) —
F(h({a} x [p, x'])) = A!(A(a)) is positive. Thus F(A/(a)) < F(Al(b)) as
claimed.

Now let a and b be as above and let m > N; be large enough so that if
a’ is in the same m-block, call it [c], of ¥ and ¥ is in the same m-block,
[c'], of £ as b, then Al(a’) < A/(b') (Lemma 2.5). That is A[c] < A[c’]. It
follows from the above claim that F"(A[c]) < F"(A[c']) forall n > 0. Since 4
permutes the m-blocks of T cyclically, there is a k > 0 such that 4*(A[c]) =
[¢']. Then F*(A[c]) = A[c'] so that A[c] < F¥(A[c]) < F?*(A[c])---. But
A?"(A[c]) = [c] so we have F¥2"(A[c]) = Alc], and thus the impossibility
A[c] < A[c]. Consequently there is no orientation preserving homeomorphism
F which extends f. In case F is orientation reversing, F? is orientation
preserving. If F extends f, F? extends f? in A[0] = h({(a, az,...) €
Tla; = 0} x K). Since A2 restricted to the one-block [0] is conjugate to 4 on
T, there can be no such F2 by the argument given above for the orientation
preserving case. 0O

Remark. With minor adjustments in the argument given above, one can prove
Theorem 2.2 with K replaced by an arc or by any continuum that satisfies
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(2.1) modified to allow for finitely many points of the nature of p. Also, if the
adding machine is replaced by any “generalized adding machine” (see §3), the
theorem remains valid. In fact, we know of no examples for which the theorem
fails for any nontrivial continuum X .

3. FIBERS OVER GENERALIZED ADDING MACHINES

The C' Denjoy circle diffeomorphism [Den] can be used to construct a
planar diffefomorphism which shuttles arcs, with diameters bounded above zero,
over a minimal action on a Cantor set. Let F(r, 8) = (r, g(6)) when g is the
Denjoy diffeomorphism. If C, is the g-invariant minimal Cantor set, then F
on {{r,0):re[l,2]}: 0 € Cg} is a fiber bundle map which covers g.

The Denjoy homeomorphism restricted to C, differs from the adding ma-
chine, in this context, in one key respect: there do not exist finite collections
of subblocks of C, having arbitrarily small diameters which are cyclically per-
muted by g. The main result of this section is the construction of a C* pla-
nar diffeomorphism which shuttles compact connected fibers (continua), having
diameters above zero, over a “generalized adding machine” having this cyclic
block-permuting structure. The collection of fibers do not comprise a fiber bun-
dle, but collapsing the fibers defines a continuous map onto the Cantor set.

Let = [[;2,{0,1,2,..., ny — 1} with the metric topology induced by
dla, B) =Y J"§(+k”;"l . Addition on X consists of adding corresponding com-

ponents mod 7, and carrying to the right. The generalized adding machine,
A: X — X is defined by A(a;, az,...)=(a1,az,...)+(1,0,...). So when
ne =2 forall k, A is a two-symbol adding machine of the previous sections.

Remark. Theorem 2.2 may be generalized to include planar homeomorphisms
which cover generalized adding machines for any collection {n, € N}. This is
because A? is itself a generalized adding machine on X (or a subset of ¥ under
some assignment of symbols), and A" "m[a,, a3, ..., ay] = [a1, a2, ...,
ap] forall aeX.

Example. We now construct a C*°-diffeomorphism, F', of the disk which has
an invariant union of fibers, A, having diameters bounded above zero; F|,
will cover a generalized adding machine. F is constructed as the limit of a
sequence of C> diffeomorphisms, {F,} which are uniformly Cauchy in each
C* norm, ||-||x ; simultaneously {F, !} will be uniformly C* Cauchy and thus
must converge to a C*° disk map, the inverse of F .

Let {&1, €2, ...} be an infinite sequence of positive real numbers such that
Sre & <1/4. Let D={(r, 6)|r <1}. For 6 >0, define bs: D — D by

(r.0); r<l1-20,

bs(r, 8) = (r,0+%z(r+26—l)>; 1-20<r<1-9,
(r, 0+ 2m); r>1-9.
Set Ts =bs{(r,6):1-20<r<1-J, 6=0}. For neN, let
2n
,9 — ] Sl"‘&,
R((S,n,r,G):{(r +n> ’
(ra0+g5,n(r)); "21—5,
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where g5 ,:[1-6, 11— [0, 2] isa C* bump function such that g; ,(1-9)
=2 and g ,(1)=0. When S C D denote the set {R(d, n,r, 6): (r, 0) €
S} by R(,n,S). Foreach 6 and n let Ds(n) C intD be a closed disk
with smooth boundary such that T3 C intDs(n) and such that the disks
Rl(6,n,Ds(n)), 1=0,1, ..., n—1, are pairwise disjoint.

Let J, = ¢, . Choose n; sufficiently large that

Ry —idlo<1 and |[R;'-id[o<1,

where R,(-,:) = R(dy, ny,+,-). Then specify Fy = R, and call D, =
D,;l(n), T, = T5| .

Let ¢;: D; — D be any diffeomorphism. Notice that for all m, diam(FJ"T;)
> 2—4¢, . Thus diam(Fy"D,) > 2—4¢; . By construction, forall p€ 0D, [, n,
and ¢, there exists ¢ € R!(§, n, Ts) such that d(p, q) < 25 . It follows that,
there exists J, sufficiently small so that for all m, /, and n,

diam(F"¢7'R(6;, n, Tp)) > 2 — 4e; — 4e,,

where T, = T;,. Now choose n; large enough that ||¢7'Ry¢; —id||; < 1/2 and
l¢7 Ra¢py —id||; < 1/2 where Ry(-, ) = R(62, nz, -, -). Specify F;: D — D

Fi = { F() off D] s
"7\ Foo(¢7'Ragr) on Dy
F; is a diffeomorphism because R, =id on dD. Notice ||F, — Fyll; < 1/2,
and ||[F'=F;'|l1 < 1/2. Set Dy = ¢;' Dy, (ny) . So for all m, diam(F"D,) >
2 — 481 - 482 .
The remainder of the disk diffeomorphisms are defined recursively. Assume
that ng,y, Fi, dx, Oks1, and Dy, C D; have been defined such that

F, = { Fr_ off Dy,

Fe_10(¢; ' Res1¢x) on Dy,
where Riyi(+, ) = R(Gks1, Micsr 5+, +) . Further, assume ||[Fe — Fe_yllk < %,
IF7! — FZ Ik < % and diam(F["Dy,1) < 2 - 413 ¢; for all m where

Dyyy = ¢; ' Ds,,, (Misn) - .
To initiate the recursive step, let ¢, 1: Dy, — D be any C> diffeomor-
phism. Then there exists d;,, > 0 sufficiently small that

k+2

diam(ka¢I:+11Rl(5k+2 o1, Tiy2))>2-4 Z &i
i=1

forall m, [, and n, where Tk+2 = Ty,,, . Now choose 7y, suﬂiciently large
that "¢k.:1Rk+2¢k+1 1d |41 < 2k+l , and “¢kllRI:+2¢k+l —1d 41 < 2k+| where
Ri2(+, +) = R(Ok425 Nk42, *» +) - The next C* disk diffecomorphism is
F off Dy,
Fk+l = { —1
F o (@ Ris20rs1) o0 Dyyy.

Again, Fj,, isa C°° diﬁ'eomorphism because R;., =id on D . And we have
_| .
| Fies1 = Fiellisr < 557 and ||FZ) - lk+1 < 3= - To complete the recursive
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step, set Dy, ., = ¢;11D5k+2(nk+2). By choice of J;,,, diam(Fk"}r,DkH) >2 -
421‘:12 e, forall m.

For each k, and for all J > k, ||Fj, — Fj,|lk < X0, %, for all ji, jo > J.
Thus for each k, {F;} isa Ck uniformly Cauchy sequence. Because the space
of C* maps on D is complete in the C*° norm, {F;} converges to a C*
map, F . But similarly, {Fj"} converges to a C* map which must by F~!.

Recall that the ¢; > 0 have been chosen small enough so that Z;’:, g <1/4.
Thus it is guaranteed that diam(F"™(Dy)) = diam(F"*(Dy)) > 1 for all m and
k.

We now turn to the action of F on the invariant set

oo [ my k
A= ﬂ ( Fi(Dk)> where my, = H(”i -1).
k=1 \i=0

i= i=1
Note that for each k > 1, F™'""%(D;) = D, and F/(Dy) N Dy = @ for
O<j<ni-ny---ng. Let T=][72,{0,..., ny — 1} and define P: A — X by

P(x) = (a;, az, ...) provided

o0
x € F (D) UF @ (Dy)u--- = | ] F™(Dy),
k=1
where
k i-1
Yk = Zai (Hnj) .
i=1 j=1
It is clear that P is a continuous surjection and that the fibers A(a) = P~ !(a),
a € X, are the connected components of A. Moreover, F(A(a)) = A(4(a)),
A being the generalized adding machine on X. That is, F|, is semiconjugate
to the generalized adding machine. Notice, finally, that since the disks F™(Dy)

have diameter larger than 1 for all m and k, diam(A(a)) > 1 forall a € X.
Properties of this example are summarized in the following theorem.

Theorem 3.1. There exists a C* diffeomorphism F: D — D of the two-dimen-
sional disk D, a compact F-invariant set
A=JAa),
a€X

and a continuous surjection P: A — X of A onto the Cantor set X, with
P~ Ya) = Ala), such that:

(i) A(e) is a continuum for each a € ¥;

(11) inf,eydiam(A(a)) > 0; and

(i) PF(A(a)) = A(a) where A: X — X is a generalized adding machine.

Remarks. By choosing the collection, {¢,: Dy — D} more carefully, the fiber

A0,0,...)= () D«
k=1

can be made an imbedded Knaster continuum (K3,). And simultaneously, an-
other fiber can be forced to have a different topological type. Since A is a
minimal on £, A will then contain arbitrarily close fibers of large diameter
which are not homeomorphic.
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